Scale invariance and the resulting power law behaviors are seen in diverse systems. In this work we show that the exponent that describes the scaling of the correlation function for a system defined on a lattice, belongs to a universality class depending only upon the values taken by the order parameter at each lattice site, the dimension of space in which the system exists and symmetries of the probability distribution, irrespective of the probability distribution describing the system. This work therefore extends the concept of universality of critical exponents in statistical mechanics to non-specific probability distributions. * wasnik@iitgoa.ac.in 1 arXiv:1908.06025v1 [cond-mat.stat-mech] 
INTRODUCTION
Scale invariance expressed in terms of power laws is seen in varied systems. Be it in growth processes [1] , time scale invariance in transport and relaxation [2] , scale invariance and power laws in galaxy clustering [3] , generalized scale models in models of atmosphere and rain [4] , stock markets [6] , criticality in biological systems [5] etc.
Given that power law behaviors are a feature of independent systems, begs reasons for their similarities. In equilibirum statistical mechanics, different systems in thermal equilibrium show similar behavior at the critical point. At thermal equilibrum, the probability distribution of finding the system in a particular state is proportional to e −H/k B T , where H is the Hamiltonian describing the system state. For a system defined on a latticle H could have the form
Here S i is a variable describing the state at lattice site i. At the critical point, the critical exponents of the system fall into universality classes, independent of microscopic details [7] . This implies value of η in the correlation function
is independent of the form of the Hamiltonian instead determined by things such as symmetry etc. Here
In this write up, | I − J | denotes the distance between lattice points labeled by I and J.
Continous systems that are scale invariant can be defined by operators that scale as
. If one improves this symmetry to conformal invariance, the operators scale as φ i (λx) = λ(x) α φ i (x). This, along with the operator product expansion identity
allows evaluation of all possible correlation functions in the theory, without knowing the Hamiltonian [8] . The Hamiltonian appears in the probability distribution as e −H/k B T , but the natural question to ask is whether the functional form of the probability distribution is of relevant, since the correlation functions can be evaluated without knowledge of the Hamiltonian.
In this work, we show the scaling of correlation function for systems defined on a lattice, depends only on the values taken by the order parameter at a lattice site, the dimension of space in which the system exists and the symmetries of the probability distribution, irrespective of the form of the probability distribution describing the system state. In doing so we also offer a proof the universality of the exponent corresponding to long range order in statistical mechanical systems described by the Boltzmannian distribution.
PROOF
Consider a probability distribution f ({S i }. Here, S i is the order parameter at lattice point i. Translation invariance is required in order that the correlation function
is a function of |a − b|.
invariant when the value of the order parameter at lattice site i for all i, S i is replaced with the value at lattice site i + 1, S i+1 . We say that f
Written as a Fourier series, this implies
Writing as above S i S i+1 refers to nearest two neighbours, S i S i+1 S i+2 refers to nearest three neighours, etc, on a line in one dimension. ( * ) in this text refers to complex conjugation of all terms to the left. One can extend this way of constructing the exponential, by appropriately grouping nearest neighbours, to higher dimensions and the analysis below follows through. Now,
Here,
Since S a , S a J 1 ,J 2 ,J 3 .. , S b J 1 ,J 2 ,J 3 .. are independent of a, b implies
where, Ind(a, b) implies answer does not depend on a or b. In case C(|a − b|) = 1 |a−b| α and |a − b| is quite large
In principle C(|a − b|) J 1 ,J 2 ,J 3 .. could be written as a combination of terms that increase in magnitude as |a−b| increases or decrease in magnitude as |a−b| increases. At large values of |a−b|, the terms that increase in magnitude with increasing |a−b| dominate. So it would not be possible to end up with 1 |a−b| α on the LHS. Hence, we need that C(|a−b|) J 1 ,J 2 ,J 3 .. decreases in magnitude as |a−b| increases. This justifies our choice of C(|a−b|) J 1 ,J 2 ,J 3 .. = e −λ J 1 ,J 2 ,J 3 .. |a−b| |a−b| α J 1 ,J 2 ,J 3 ..
at large values of |a − b| in the above equation. λ J 1 ,J 2 ,J 3 .. may be complex.
Differentiate both sides with respect to a. This would give
The last step is because of eq.9. Only way this is possible for all values of |a − b| (which are . Hence we get
Differentiating again with respect to a simply gives 
One can keep taking derivatives to get P (α, n) |a − b| α+n = Π j dJ j a(...J i , J i+1 ...)Z(J 1 , J 2 ...)
where P (α, n) = α(α + 1)...(α + n − 1) for n > 0 and P (α, n = 0) = 1 and P (α, n = −1) = 0. Only way the above is possible for all large values of |a − b| is if
Now, consider a system described by a Boltzmann distribution e −K 1 i S i −K 2 i S i S i+1 ... at criticality and the correlation function decays as 1 |a−b| α . This distribution expressed in a Fourier expansion goes as
Because a(..J i ...) = 1 J i +iK i is nonzero for all values of J i , it implies that values of α J 1 ,J 2 ,J 3 .. = α for all values of J 1 , J 2 , .... It hence implies that α J 1 ,J 2 ,J 3 .. for all values of J 1 , J 2 , ... equals α and is determined simply by the values taken by the order parameter, symmetry and dimensions of space as these are the only quantities that are present in the LHS that can influence RHS. This hence implies that how the correlation function decays for a scale invariant probability distribution is independent of the form of the probability distribution, instead simply given by the values taken by the order parameter, symmetry and dimensions of space. The Botzmann distribution being a subset of distributions that can have long range order, also hence would have the long range order similarly defined to be only dependent on the values taken by the order parameter, symmetry and dimensions of space.
DISCUSSION
We note that what is said above is only confirmed for systems defined on a lattice. The fact that the way the correlation order decays in systems having a large range order is indepedent of the form of the probability distribution hence implies a new kind of universality that goes beyond the way universality is understood in statistical mechanics. This result could aid in the working out analytically the critical exponents of universality class of statistical mechanical models, by choosing an appropriate probability distribution, instead of the Boltzmann distribution in which the calculation is tedious. It would be an interesting to check the carry over of this result to continous systems.
